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Broad-Band Microwave Characterization of
a Tri-Layer Structure Using a Coaxial

Discontinuity with Applications for
Magnetic Liquids and Films

Nour-eddine Belhadj-Tahar, Olivier Dubrunfaut, and Arlette Fourrier-Lamer

Abstract—An analytic technique is described, which allows us
to determine simultaneously complex permittivity " and perme-
ability � of magnetic films or magnetic liquids. The cell is a gap
in a coaxial line filled with three layers (for liquid samples, the
two external layers are used as windows, and for films, the middle
layer constitutes the substrate). Permittivity and permeability of
the unknown layer(s) are computed from theS-parameters (S11,
S21), which are measured on the gap, taking into account higher
order modes excited at the discontinuity." and � measured for
ethanol and a ferrofluid (with an applied magnetic static field)
are presented up to 18 GHz.

Index Terms—Broad-band measurements, coaxial discontinu-
ity, ferrofluid, magnetic film, microwave characterization, mode-
matching method, permeability, permittivity, tri-layer.

I. INTRODUCTION

M ICROWAVE applications connected with magnetic liq-
uids (modulator, absorber) and magnetic films (mi-

crowave components) require the development of appropriate
characterization methods. To this end, we propose a broad-
band method for simultaneous measurement of permittivity
and permeability using a circular waveguide as a coaxial
discontinuity. This kind of cell has already been used in
different configurations: reflection measurements appropriated
for dielectric material characterization (solid [1] or liquid [2])
and reflection/transmission measurements for magnetic solid-
material characterization [3] or dielectric materials with a
permittivity tensor [4]. Here, the cell is composed of three
layers (either an airtight cell or a middle substrate with films)
with the cell inserted between two coaxial guides, the trans-
mission and reflection coefficients are measured
with a network analyzer; the permittivity and permeability of
the unknown layer(s) are then computed.

A comparable method where the cell is a coaxial guide
is widely used for broad-band measurements [5]. It is easily
adaptable to bi- or tri-layer. With this method, the increase in
frequency is limited by the appearance of resonance phenom-
ena due to the cell length.
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Fig. 1. Geometry of the structure and an equivalent representation.

We present the direct problem first, and then the inverse
one. Some experimental results illustrate the method.

II. DIRECT PROBLEM

The proposed structure is depicted in Fig. 1. The coaxial
air line is interrupted by a circular waveguide formed by three
layers. The symmetry of the cell is needed to solve simply
the electromagnetic problem. The two materials forming the
tri-layer are assumed to be homogeneous and isotropic:

and
are, respectively, the relative permittivity and permeability of
the extern and middle layers.

A. Theoretical Resolution

We must express the-parameters as functions of
and , assuming that the coaxial line propagates the
TEM mode only. The structure between planesand can
be represented as a quadripole characterized by itsmatrix;
the admittances are normalized in relation to the characteristic
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Fig. 2. Representation of the bisected structure.

admittance of the coaxial line. The relationships between
and the -parameters are trivial

(1)

(2)

Let us apply the bisection theorem. In the presence of
an electric wall placed at plane , the normalized input
admittance at plane is from Fig. 2, as follows:

(3)

If a magnetic wall is then placed at plane, the input
admittance at plane becomes

(4)

As a result, (1) and (2) can be written as

(5)

(6)

Thus, in order to solve the reflection/transmission problem, we
have to express and (bi-layer in reflection) as functions
of and .

The TEM mode excites an infinite number of modes
at the geometrical discontinuity. The electromagnetic problem
is solved by matching the fields at the interfaces of the layered
materials and using the orthogonality properties of modes
in cylindrical waveguides. The electric-wall case has already
been presented for a dielectric material [2]. For a magnetic
material, we only have to add the term of permeability in the
expression of the propagation constant in free space

with or and where and are
the permittivity and permeability of vacuum and
is the operating frequency).

We find for a cell ended with an electric wall (as shown
in Appendix A)

(7)

where and are determinate as follows:

(8)

(9)

with given by (10), shown at the bottom of this page, and
is calculated by resolving the system

(11)

where

(12)

In (7)–(12), is the Kronecker delta function, and are,
respectively, the zeroth- and first-order Bessel functions of the
first kind and represents the linear combination as follows:

(13)

where is the th-order Bessel function of the second kind;
are computed by solving the equation

(14)

and by solving the equation

(15)

We find the same results for (with a magnetic wall
placed at plane ) by substituting function with
function in (10).

(10)
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(a)

(b)

Fig. 3. Measured (- - -) and calculated (——)S-parameters of a tri-layered
structure formed by Altuglass windows (d1 = 0:5 mm) and ethanol
(2d2 = 3:2 mm) in APC-7-mm standard. (a) Modulus. (b) Phase.

B. Numerical Computation and Experimental Results

For numerical computation, the number of modes
in the coaxial line and of modes in the tri-layer
structure ( ) must be fixed: the infinite series [(7)–(9) and
(11)–(12)] are truncated. It has been showed that and

give a sufficient numerical accuracy compared to a
measurement one [2].

The airtight cell configuration is now tested using an APC-7-
mm standard air line. The structure is formed by two Altuglass
windows ( mm) and ethanol ( mm).
Altuglass permittivity is first determined by the method where
the cell is a circular waveguide measuring in reflection [1]
( ; between 45 MHz and 18 GHz).
The dielectric properties of ethanol at 20C are summarized
from [6] by

(16)

where , GHz.
Knowing the constitutive parameters of the three layers, the

-parameters measured and calculated are compared in Fig. 3.
These results show a good agreement.

Fig. 4. Complex permittivity of ethanol measured in the tight tri-layered
structure formed by Altuglass windows (d1 = 0:5 mm) and ethanol
(2d2 = 3:2 mm) in APC-7-mm standard (- - -) and theoretical law (——).

III. I NVERSE PROBLEM: ACCURACY

AND EXPERIMENTAL RESULTS

An iterative method is used to calculateand , the consti-
tutive parameters of the unknown layer, from the-parameters
(cf. Appendix B for details). Here, we discuss results for the
airtight cell configuration. The cell characteristics (thickness,

) are optimized to have the best sensitivity on
next to the -parameters [7]. Nevertheless the accuracy on
the permeability is bad at low frequencies. Indeed, the liquid
permeability only appears in and expressions in the
term [cf. (10)]

(17)

Thus, when is negligible compared with the lowest
, i.e., , accuracy on is not good enough. In practice,

the accuracy is better than 5% with an HP 8510 if

(18)

From (14), the first zero is

(19)

From (18) and (19), the accuracy condition on can be
written as

(20)

Furthermore, the loss tangents and should be
greater than 0.01 to have a reasonable accuracy onand
(better than 5%).

Measurements are obtained at 20C using the HP8510B
network analyzer in a APC-7-mm standard air line. At first,
we present results on ethanol used as a dielectric standard [with
the law reminded at (16)]. The theoretical and measured results
compared in Fig. 4 for permittivity are in a good agreement.
Concerning permeability, measurements shown in Fig. 5 are
accurate above 4 GHz in accordance with (20).

As an example, the method is used with an appropriate
material: a magnetic liquid, namely, a ferrofluid. A static
magnetic field parallel to the cell axis is added. Ferrofluids
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Fig. 5. Complex permeability of ethanol measured in the tight tri-layered
structure formed by Altuglass windows (d1 = 0:5 mm) and ethanol
(2d2 = 3:2 mm) in APC-7-mm standard.

Fig. 6. Complex permeability of a ferrofluid (Fe2MnO4 in CCl4 mixed
with ethanol) measured in the tight trilayered structure formed by Altuglass
windows (d1 = 0:5 mm) and ferrofluid (2d2 = 3:2 mm) in APC-7-mm
standard with different static magnetic field.

are colloidal suspensions of magnetic particles in a carrier
liquid. The samples we used were prepared in Laboratory LI2
(Paris VI) by the ionic method [8] using tetrachloride (mixed
with ethanol) as carrier liquid and manganese ferrite particles
Fe MnO . They are spherical with an average diameter equal

to 15 nm involving monodomain magnetic properties. Both the
low volumic concentration (4.5%) and the surface ionization
(the particles repel one another) involve that particle–particle
magnetic interactions are negligible. Consequently, the fre-
quency at resonance is given by Kittel’s formula (case of a
sphere) [9]

(21)

where is the gyromagnetic ratio taken as 28 GHz/T,
the anisotropy field and the applied static magnetic field.
Fig. 6 shows the permeability spectrum for different fields.
We can see a resonance phenomena where the characteristic
frequency is linearly dependent on, as reported in Fig. 7,
in accordance with the Kittel’s formula. From this graph and
(21), the gyromagnetic ratio computed is equal to 27.8 GHz/T
(2%), close to the theoretical value.

Let’s note that, due to the low permittivity of the solution
(reported in Fig. 8, quasi-independent from the static magnetic
field), the permeability accuracy is better than 5% only over
6 GHz, in accordance with (20).

Fig. 7. Variation of the magnetic resonance frequency for a ferrofluid
(Fe2MnO4 in CCl4 mixed with ethanol) with the applied static magnetic field.

Fig. 8. Complex permittivity of a ferrofluid (Fe2MnO4 in CCl4 mixed
with ethanol) measured in the tight tri-layered structure formed by Altuglass
windows (d1 = 0:5 mm) and ferrofluid (2d2 = 3:2 mm) in APC-7-mm
standard with a 0.6-T static magnetic field and without static magnetic field.

Fig. 9. Temperature measurement for a gas or liquid.

IV. CONCLUSION

In this paper, we have presented a broad-band method
for measuring magnetic liquid. Measurements on ethanol and
ferrofluid have shown its viability, with or without an applied
magnetic field. Two kinds of experiments are presently envis-
aged with this cell; first, temperature variations of the material
measured. Such a structure is particularly well adapted to this
purpose, as described in Fig. 9. The gas or the liquid under
test is heated or cooled with an outside device connected with
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the cell by two ducts. The circulation ducts do not alter the
electromagnetic configuration (if waves are not propagating
in it) because of the low and near the lateral part
of the cell. Moreover, the temperature variation do not affect
calibration because of the windows (thermal insulator chosen)
separating room temperature and coaxial waveguide. Second,
magnetic film characterizations, the cell being formed by two
identical films coating the sides of the middle layer used as
a substrate.

APPENDIX A
DIRECT PROBLEM

The direct problem for the reflection/transmission structure
involves the and (cf. Fig. 2) determination by a modal
analysis combined with the mode-matching method.

The nature of the TEM mode and the cylindrical symmetry
of Fig. 2 enable us to predict that only higher order modes of
type TM independent of the azimuthal angleare excited at
the geometrical discontinuity plane .

In the coaxial line ( region), the components of the total
electromagnetic field are

(A1)

(A2)

(A3)

where a time dependence of is assumed, with
and the operating frequency. represents the incident

TEM wave amplitude and its reflection coefficient at plane
and are, respectively, the wave admittances of

the TEM and in the coaxial waveguide

(A4)

(A5)

with and the permittivity and permeability of vacuum

(A6)

and

(A7)

In (A1)–(A3), represents the linear combination of the
th-order Bessel functions of the first and second kinds as

follows:

(A8)

In the first layer ( region)

(A9)

(A10)

(A11)

where represents the reflection coefficient of the
higher order mode in the first layer at plane, and the
admittance of this mode:

(A12)

with

(A13)

When an electric wall is placed at plane, the electric-field
boundary conditions at this plane provide the solutions for the
second layer ( region)

(A14)

(A15)

(A16)

with

(A17)

and

(A18)

The axial component of the electrical field for each TM
mode must be zero at the conductors in the three regions.
The following conditions are thus obtained by canceling the
relations (A2), (A10), and (A15):

(A19)

(A20)

(A21)
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Equation (A19) enables us to determine the coefficient
contained in (A8)

(A22)

and, thus, from the following transcendental equation, we
obtain the coefficients

(A23)

The constants and are obtained by solving (A20) and
(A21). Note that and are equal for .

From the relations (A9), (A11), (A1), and (A3), the bound-
ary conditions for the transverse components at planeare
written in the following manner:

(A24)

(A25)

(A26)

The coefficients and are determined by using the
orthogonality properties of Bessel functions.

The first step consists of performing the integrals
. The substitution of from (A24) and

(A25) in the above integral yields

for (A27)

Next, we integrate between and . We obtain
from (A26)

(A28)

At plane , the input admittance normalized in relation to the
characteristic admittance of the coaxial waveguide is

(A29)

so (A27) and (A28) give us the following result:

(A30)

This may be written in the form

(A31)

where , , and are defined as

(A32)

(A33)

(A34)

In (A31)–(A34), and are still unknown.
is computed by using orthogonality properties of TM

modes in the cylindrical waveguide. The total electromagnetic
field in the and regions is matched at the plane .
Referring to (A9), (A11), (A14), and (A16), we have

(A35)

(A36)

The above relations are used to perform the integrals
and . Integrating and

using (A12) and (A17), we may write

for (A37)

for (A38)
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(A42)

(A46)

with

(A39)

(A40)

and

(A41)

Combining (A37) and (A38), the value of is then found,
as shown in (A42), at the top of this page. The unknowns

are found from (A26) if the integration of the quantity
is made between and . The result

is

(A43)

If , , and are substituted with (A5), (A12), and
(A27) in (A43), it may be shown that

(A44)

or, most conveniently,

(A45)

by setting (A46), shown at the top of this page, where is
the Kronecker delta function and is found by (A34).

Hence, the same procedure is adopted to calculate the
admittance (when a magnetic wall is placed at plane).
We have only to change in (A14)–(A16) and, consequently,

in (A35)–(A38), function by function and function
by function. Finally, we find the same results in replacing

function with function in (A42).

APPENDIX B
INVERSE PROBLEM

The iterative method used to calculate and (the
constitutive parameters of the unknown layer) is derived from
the gradient method.

For any initial vector

(B1)

we define an error vector in the following manner:

(B2)

where the superscripts and denote, respectively, the mea-
sured and calculated-parameters in rectangular coordinates.

At the vector, we associate a second vector as
follows:

(B3)

where the matrix is defined as the derivative matrix

(B4)

and

(B5)
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The value of the vector is obtained from the inverse matrix
as follows:

(B6)

The th direction of investigation is now

(B7)

where the coefficients are less than 0.9. The calculated
values become the initial values for the next mea-

sured point. The iterations are stopped when is lower
than 10 . The typical computation time for 201 frequency
measured points is 1 min using an HP 715-75 workstation.
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